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Abstract: 
The milling operation is a fundamental machining operation in industrial for the production of 
mechanical parts and injection moulds. During the machining of complex shapes, the tool 
engagement varies all along its path. The variation of the tool engagements leads 
automatically and inevitably to a corresponding variation of the cutting force. The objective of 
this article is to propose a cutting forces model in 2D milling pockets which takes into 
consideration the variation of the tool radial depth of cut. The machining simulation is applied 
onto a complex pocket through several different machining strategies in order to determine 
the cutting force variation and choose the adequate machining strategy. 
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1. INTRODUCTION 
 
The tool radial depth of cut is the value which describes which part of the tool is really 
involved in the machining, at a given time and position. During the milling of complex shapes, 
only a part of the tool is engaged in the material. The engagement of the tool varies all along 
the cutting path [1, 2]. This engagement variation has, as a consequence, a variation of the 
cutting forces. In this way, the controlling of the force and its direction permits to avoid the 
tool breakage and the damage of the machined part surface. We seek, then, to maintain the 
section of the chip that is the most constant possible. This means the conservation of regular 
and constant engagements of the tool. By controlling the tool engagement, we can supervise 
and control the cutting forces variations and consequently choose the machining strategy 
which guarantees the most possible continuous evolution of the mechanical demands 
applied onto the whole of the tool-material-machine set [3, 4]. It is then important to calculate, 
at each time, the radial depth of cut and relate the cutting forces to the tool path geometry. 
Several researchers have studied the variation effects of the radial depth of cut. Tsai et al. [5] 
have modified the tool path so as to keep the engagement angle, and therefore maintain the 
cutting force constant. Although their technique was good, it is difficult to see how it could be 
applied to the tool path for the complex geometries. Tarng and Shyur [6] have studied the 
effect of the radial depth of cut variation upon the cutting forces and they have adjusted the 
feed rate in such a way that the average cutting force remains constant for each value of the 
radial depth of cut. Their main objective was to avoid the machining unstability. There is not 
any reference as to the way the cutting tool radial depth of cut has been calculated, or if its 
variation has been considered continuous or sampled. On the contrary, the work presented 
in this article shows in detail the approach and the procedure for the radial depth of cut 
quantification. In fact, two different approaches are possible for the determination of the tool 
engagement. The first type is based on the sampling discreet techniques. The second type, 
which is the approach adopted in our work, is based upon the analytic techniques and 
supplies the continuous functions of engagement [7, 8-10]. There are two main advantages 
in employing analytic techniques. First of all, some functions can be extracted to determine 
the cutting tool engagement at any point all along the tool path, without explicitly resolving 
any expensive Boolean operations. The second advantage is that because it is not based on 
sampling, it is more accurate than the sampling techniques. In this article, the quantification 
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model of the tool radial depth of cut is coupled with a cutting forces model [11-14] in milling 
2D pockets, so as to simulate the cutting forces by taking account at the same time of the 
tool engagement variation and consequently of the tool path geometry. 
 
2. CUTTING FORCES MODELLING 
 
The cutting forces modelling allows the predicting of the forces without the settling of the real 
machining. It requires the knowledge of geometry of the tool, of the part, as well as of the 
cutting conditions. Figure 1 shows a tool at the time of machining in concordance and 
permanent regime. In comparison to this illustration, the forces model, developed in this 
paper, enables us to calculate at each time the cutting forces applied to the cutting edges 
engaged in the material. For a given angular position Φ, the tool is engaged in the material 
with a certain cutting thickness. It is the evaluation of the chip thickness which allows to 
calculate the cutting forces by means of a cutting specific pressure notion.  
 

 
Figure 1: Cutting forces modelling. 

 
2.1 Calculation of the chip instantaneous thickness 
 
In milling, the instantaneous chip thickness varies according to the tool angular position. The 
discretization of the tool following the tool axis z and following some angular sectors around 
this same axis, allows to present the position of the tooth engaged in the workpiece and to 
deduce the chip instantaneous thickness relative to each position (Figure 2). 
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Figure 2: Variation of the cutting instantaneous thickness. 
 
The chip instantaneous thickness can be calculated as follows:  

)z(Φsinf=)z,Φ(h jtj               (1) 

Here,  is the feed rate per tooth, and  is the angular position in comparison to the 

axis Y of the j-th tooth corresponding to the axial position z. Its value changes all along the 
axial direction as follows: 

tf )z(Φ j

z
R
βtan

-Φ1)-j(+Φ=)z(Φ pj  j = 1,…, ND          (2) 

pΦ  is the angle between two consecutive teeth such as 
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of teeth and  R is the tool radius.  
The part of tool engaged in the workpiece is discretized in Nz disc, following the axis 

z. We note z(k) the position of the average surface of the k-th elementary disc dz:  
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Hence, equation 2 can be re-written in the following way:  
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If , then it has a value, otherwise it is null.   is the position at the moment 

when the tool tooth gets into the workpiece for machining and   is the angular position at 
the moment when the tooth of the tool gets out of the workpiece to machine. The angle 
between the entry of the tooth   and the exit of the tooth   is called the engagement 

angle, noted , and which can be written as follows:  
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Where   is the cutting tool radial depth of cut. ea
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2.2 Formulation of the cutting forces model 
 
The forces model, we have presented, consists in characterising the cutting force for a tool-
materials couple, with the help of a specific coefficient called cutting specific pressure. The 
latter puts into evidence a proportion relation between the cutting forces and the chip section. 
The tangential cutting force dFt, radial cutting force dFr and axial cutting force dFa applied 
onto the tooth j at the level of the elementary disc k, can be written as follows:  
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                                                      (6) 

 
 
The coefficients  are the specific cutting force coefficients for each tangential, 
radial and axial direction. The determining of these coefficients is based on the forces 
experimental measurements which necessitate a certain number of preliminary experiments.  

art Ket  K ,K

Following the axis X, Y, Z, the elementary forces applied onto the elementary disc are 
determined by summation on the teeth in contact with the material:  
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The resultant of the cutting forces is obtained by summation on all the elementary discs:  
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By integrating the equation 6 and 7 in the equation 8, we obtain:  
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3. THE RADIAL DEPTH OF CUT ae MODELLING 
 
To try to quantify the influence of the machining path upon the cutting forces evolution is one 
of the tasks of this work. The calculation of the tool axial and radial depth of cut allows at any 
time to relate the cutting forces to the tool path geometry. In the case of the pocket 
machining, the axial engagement is constant. On the contrary, the radial depth of cut varies 
all along the machining path.  

Figure 3 presents the tool path in the case of a spiral out machining with a tool D=20 mm 
in diameter. We note, indeed, that even for this simple rectangular pocket, there is a 
considerable variation of the radial depth of cut. In fact, the tool starts the machining of 1 to 
2, with a constant and maximal engagement, equal to the tool diameter. Then, the radial 
depth of cut varies and more particularly where there is a changing of direction. Figure 4 
presents the tool path of 2 to 3 and of 3 to 4 as well as the variation of the radial depth of cut 
in that area. The radial depth of cut increases when the tool moves away from 2, and when it 
is at a distance of D/2 of 2, it reaches its maximum, which is equal to the tool diameter. After 
that, the radial depth of cut undergoes a slight variation, and then it remains constant at a 
value of 75% of the tool diameter for the most part of the path between 3 and 4. 
 

 
 

Figure 3: Spiral out machining. 
                                               

 
 

Figure 4: Radial depth of cut variation at the time of the changing direction of 90°. 
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To make it possible to quantify the radial depth of cut variation at any point of the machining 
path, our approach has been conceived in three steps, namely: 

Step 1: Calculation of the pocket hollowing out path 
The calculation of the path of a pocket hollowing out has for data the geometry of the pocket 
(borders, bottom, top …) and the cutting conditions (feed rate, machining strategy, axial 
pass, radial pass…). Since this calculation is not simple, we must inevitably have recourse to 
an algorithm of a path geometry generation. In our case, the generation of a pocket hollowing 
out path is realized in an almost automatic way with the help of software Master Cam. This 
latter provides us with all the necessary information about the geometry of the tool path as 
well as the coordinates of all the points situated on this path. 

Step 2: Tool path discretization 
The path obtained by the CAM is generally complex and has a considerable number of 
direction changings because the pocket is a closed space. To make it possible to quantify 
the radial depth of cut variation of the tool, at any point of the path, it is necessary to have 
recourse to the tool path discretization in different zones, namely: 

• Zones for which the radial depth of cut remains constant 
• Zones for which the radial depth of cut undergoes a variation. These variations are 

situated mainly in the corners and at any change of the machining direction. 
Step 3: Calculation of the radial depth of cut 

The method adopted for the calculation of the tool radial depth of cut is a geometric method. 
Its principle is to determine an analytic expression of the tool radial depth of cut for a given 
machining strategy at any point of the cutting tool path. The implementation of these 
expressions in the software MATLAB, allows simulating the radial depth of cut according to 
the tool path length. 

By way of example, for passing from 2 to 3, the tool changes direction according to an 
angle of 90°. The radial depth of cut varies, and its variation depends on the radial depth, on 
the distance between the two points 2 and 3 and on the tool position all along the segment 
“2-3”. Figure 5 presents the two possible cases as well as the analytic expressions of the 
radial depth of cut in this zone. 
We note L2-3 the length of the segment “2-3” and d2 the distance between the tool centre and 
point 2. 

 
Case where   R<d2 Case where  R>d2

  
)d-R2(d+R=a 223,2e  R2=a

3,2e  

 
Figure 5: Radial depth of cut of the tool in zone 2. 

 
Other example of calculation is presented in Figure 6, which shows the variation of the radial 
depth of cut in the machining direction between 6 and 7. We notice that there are 4 different 
regions and consequently, it was necessary to establish, for each of them, the analytic 
expression of the radial depth of cut, namely: 
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1st region: the one before point M reaches point A 
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2nd region: for which point M belongs to the segment [AB] 
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3rd region: for which point M belongs to the arc [BC] 
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Where              (13) 
)αsin(-L=y
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4th region: the one after point M has outdone point C 
 

Rae 27,6 =              (14)
  

d6 is the distance between the tool centre and point 6, L6-7 is the distance between point 6 
and 7 and L5-6 is the distance between point 5 and 6. 
 

 
 

Figure 6: Passing of the tool from 6 to 7. 
 
In our work, this procedure for the quantification of the tool radial depth of cut is adopted by 
the two machining strategies Zigzag and spiral-out. 
 
4. NUMERICAL SIMULATIONS: COUPLING BETWEEN THE CUTTING FORCES   
    MODEL AND THE RADIAL DEPTH OF CUT MODEL   
 
In this part, we carry out the coupling of two models of cutting forces and of radial depth of 
cut, in order to simulate the cutting forces, taking into account the variation of the tool radial 
depth of cut. 
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4.1 Software implementation for the cutting forces calculation 
 
In order to be able to simulate the cutting forces variation in milling, the model we have 
developed has been implemented under MATLAB. As a first step, the cutting coefficients Kt, 
Kr and Ka are supposed to be known. For our case, these coefficients are issued from the 
bibliography [15]. The algorithm developed for the cutting forces prediction and simulation 
can be written in the following organigram (Figure 7). For the input variable, we find the 
characteristic relative to the couple tool/material and the cutting conditions. For the output 
variable, we also find the values and variation of the cutting forces in each direction X, Y and 
Z. 

 

 
 

CAM 

File CN 

Calculation of the radial 
depth of cut ae(Ф) 

φe, φs

Calculation of hj(Ф,z) 

Cutting forces summation ΔF for 
each direction X, Y , Z

j >ND

j = j+1 
No 

k >NZ

Ф>360° 

k = k+1 Yes 

Ф = Ф+dФ 

Fx (Ф), Fy (Ф) , Fz (Ф) 

Yes 

No 

Yes 

No 

Cutting conditions: ap, ae, ft, R, ND, β 
Specific pressure: Kt, Kr, Ka 
Integration parameters: Nz, dz, dΦ 

Geometry of the 
part to machine  

Figure 7: Algorithm of the cutting forces calculation. 
 
 

170 



Ammar, Bouaziz & Zghal: Modelling and Simulation of the Cutting Forces for 2.5 D Pockets Machining 
 

4.2 Cutting conditions 
 
The simulation of the forces is tackled for the pocket machining case by using two machining 
strategies zigzag and spiral out. For the two cases, we consider the same pocket and the 
same cutting conditions. The pocket we have studied is of a rectangular shape, its 
dimensions are given by Figure 8 and the cutting conditions are presented in Table I. 
  

 
 

Figure 8: Presentation of the pocket under study. 
 

Table I: Cutting conditions.  
 

Tool           Two-sized monoblock carbide tool 
Number of teeth (ND) ND=2 
Tool diameter (D)      D= 20 mm 
Helix angle (β) β=40° 
Machining material X38Cr MoV5 
Cutting speed Vc= 127 m/min 
Feed rate per tooth (ft) ft= 0.025 mm/ tooth 
Axial depth (ap) ap = 1 mm 
Radial depth 75% tool diameter 

 
4.3 Zigzag machining 
 
For the pocket we have studied, the trajectory generation is carried out by the software 
MASTER CAM. For this example, the machining strategy used is in zigzag. The pocket 
hollowing out path is given by Figure 9. 
 

 
 

Figure 9: The tool path during the zigzag hollowing out of a pocket. 
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4.3.1 Simulation of the tool radial depth of cut 
 
In order to simulate the radial depth of cut variation, we have implemented under MATLAB 
the calculation model of the tool engagement. We integrate, besides this model, all the 
informations about the geometry of the pocket and of the machining path as well as the 
coordinates of all the points situated on this path. For the case we have studied, the 
simulation of the radial depth of cut is given by Figure 10 on which the radial depth of cut is 
represented either according to the length of the tool path (Figure 10a), or directly on the tool 
path through segments of straight lines perpendicular to the machining path (Figure 10b). 
 

 
 

(a )                                                                 (b) 
 

Figure 10: The simulation of the radial depth of cut for a zigzag machining strategy. 
 
According to Figure 10a, we notice quite well that the tool starts the machining work from 
point A to point B with a maximal constant radial depth of cut corresponding to its diameter. 
From point B onwards, the cutting tool must change its direction to reach point C. In this zone 
(zone II), the tool radial depth of cut presents some disruption. For our case, the changing of 
direction is realized by right angles. Not only a jump results as a consequence (a fall of a 
maximal value from 20 mm to a value of 10 mm) but also a moment when the tool can 
machine the maximum of material (maximal engagement), even for a short distance, until 
point C. From point C to point D (Zone III), the radial depth of cut presents a weak variation, 
then it remains constant at a value equal to that of the radial depth (75% tool diameter). 
When it reaches point D, the cutting tool changes its direction to reach point E. The radial 
depth of cut undergoes some disruption, then, it becomes stable at the same departure value 
from point D (15 mm), the value with which the tool continues its path until point F. From 
point E, we have the same phenomenon again and again. In fact, the zones VI and VIII are 
similar to zone IV. Moreover, zones V, VII and IX are quite similar to zone III. The direct 
representation of the radial depth of cut on the tool path (Figure 10b) allows to give a general 
idea about the engagement evolution all along the tool path. We observe quite well some 
constant bands for which the radial depth of cut keeps the same value and we also observe 
some variable engagement bands corresponding to the zones of direction changing.   
 
4.3.2 Cutting forces simulation 
 
By coupling the two models of cutting forces and of radial depth of cut, it was possible to 
simulate the cutting forces by taking into account the radial depth of cut variation. The results 
of numerical simulation of the cutting forces, for the case of the hollowing out of the pocket 
we have studied, are represented in Figure 11. We have used then the strategy of zigzag 
machining. 

The curves above (Figure 11) represent the cutting force components according to 
the time allowed for a machining strategy in zigzag. We can remark a good concordance 
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between the cutting forces variation and that of the tool radial depth of cut. In fact, for a 
maximal constant radial depth of cut, in zone I, the cutting force variation is maximal. It is 
also limited in a constant band. The disruption of the cutting forces components which 
appear in the zones II, IV, VI and VIII, correspond to the moments when the tool is no more 
in contact with the material and when the evolution of the tool radial depth of cut is 
discontinuous. For the zones III and VII, the variations of the cutting forces become stable 
but the force amplitude decreases in comparison with the zone I, especially for the 
components Fx and Fy. This decreasing is resulted from the decreasing of the radial depth of 
cut in these zones.  

 
4.4 Spiral out machining 
 
Next, we are about to simulate the variation of the tool radial depth of cut and the cutting 
forces for the case of a pocket hollowing out spiral. The path of the cutting tool given by the 
MASTER CAM software is represented in the following figure (Figure 12). 
 

 
a) Cutting forces following the direction X 

d) Cutting forces in zone I 

b)  Cutting forces following the direction Y 
 

e) Cutting forces in zone III 

c) Cutting forces following the direction Z 
 

f) Cutting forces in zone V 

Figure 11: Cutting forces variation for the case of a pocket hollowing out in zigzag. 
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Figure 12: The tool path during the spiral hollowing out of a pocket. 
 
4.4.1 Simulation of the radial depth of cut 
 
Figure 13 shows the numerical simulation results of the tool radial depth of cut for the pocket 
we have studied by using the spiral machining strategy. 

 

 
 

Figure 13: Radial depth of cut simulation for a spiral machining strategy. 
 

Through observing the evolution of the tool radial depth of cut, all along the machining path, 
we find that the zone of passage from point 1 to point 2 has a constant maximal radial depth 
of cut which is equal to the cutting tool diameter. From point 2 onwards, the radial depth of 
cut presents some disruptions which generally correspond to the zones of direction 
changing.  
 
4.4.2 Cutting forces simulation 
 
The curves presented below Figure 14 show the cutting forces profile, in relation to the time 
for a spiral machining strategy. The bands are divided into zones according to the tool path. 

We notice that the forces variation follows the tool radial depth of cut variation (Figure 
14). In fact, for a constant radial depth of cut, the cutting force components vary in a constant 
band. Likewise, for a discontinuous radial depth of cut, the cutting forces undergo some 
disruptions, which occur mainly in the zones of direction changing. 
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a) Cutting forces following the direction X 

 
b) Cutting forces following the direction Y 

 
c) Cutting forces following the direction Z 

 
Figure 14: Cutting force variation for the case of a pocket spiral out hollowing. 

 
5. CONCLUSION 
 
In this article, we have carried out the coupling of two cutting forces models and the radial 
depth of cut in order to be able to simulate the cutting forces in milling 2.5 axes, taking 
account at the same time of the tool radial depth of cut variation. As application of this work, 
we have tackled the case of a rectangular pocket hollowing out, using the two strategies of 
zigzag and spiral out machining. Through analysing the numerical simulation results of the 
radial depth of cut and of the cutting forces, it is proved that the geometry of the path exerts 
an important influence upon the tool engagement and also upon the evolution of the 
mechanical actions applied onto the tool all along the path. Then, we have to choose the 
strategy which allows the most to guarantee a continuous evolution of the cutting forces. In 
our case, the zigzag machining strategy is the best for the hollowing out of the pocket we 
have studied. 
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